Abstract. Several research groups recently demonstrated [e.g., Fisher and Lary, 1995; Elbern et al., 1997; Khattatov et al., 1999] that concentrations of some non-observed chemical species can be constrained to a certain extent by the observed ones through our knowledge of atmospheric photochemistry. By utilizing mathematical relationships between chemically coupled species, observations of a subset of chemicals can be used to determine the future state of the whole system. The goal of this manuscript is to provide a mathematical formalism for assessing uncertainties of such an analysis. Practical applications of this study include designing future instruments and measurement strategies optimized to deliver the maximum amount of information given limited resources. In addition, it opens possibilities for testing our knowledge of atmospheric photochemistry by comparing predicted and measured concentrations and their estimated uncertainties.
Introduction
Monitoring the chemical composition of the atmosphere is an important but complicated and resource intensive task. It is clearly impossible to measure concentrations of even a limited number of key chemical species at every location and time. In recent years several research groups have demonstrated that specially designed techniques, broadly referred to as chemical data assimilation, can be used, albeit with some limitations, to fill in temporal and spatial gaps between sparse and irregular observations of chemical species [e.g., Fisher and Lary, 1995; Lyster et al., 1997; Elbern et al., 1997; Eskes et al., 1999; Lamarque et al., 1999; Levelt et al., 1998; Menard et al., 2000; Khattatov et al., 1999; . Such techniques have been successfully applied in the stratosphere as well as the troposphere for a variety of atmospheric chemicals.
It was also shown that concentrations of some nonobserved species can be constrained, at least to some extent, by the observed ones through our knowledge of atmospheric photochemistry. This is done by exploiting mathematical relationships representing photochemical coupling between different species. These relationships are usually given in the form of a computer model. When such relationships exist, it is no longer necessary to have information about concentrations of all chemicals in the system since some of them can, in principal, be derived from others.
The goal of this manuscript is to provide a mathematical formalism for assessing the amount of useful information that can be derived in this fashion. We will characterize "useful information" in terms of errors (or uncertainties or variances) of concentrations of observed and derived chemicals. In particular, we will investigate the following questions: (1) Given concentrations and uncertainties of concentrations of a set of chemicals at time t, what can be inferred about their concentrations and uncertainties at time t + ∆t? (2) Which chemicals are the most important for determining the complete state of a chemical system and which are the least important? and (3) What are the most relaxed (maximum) measurement errors that guarantee specified prediction errors for a particular set of atmospheric chemicals?
It should be noted that errors resulting from uncertainties in (photo) chemical reactions rates, numerical errors, and errors due to missing photochemical processes in the model are ignored in this study. In principal, these errors can be taken into consideration to some degree by including experimental uncertainties of the reaction rates and/or by parameterizing model error and tuning parameters through systematic comparisons of predicted and observed concentrations [e.g., Menard et al., 2000] . Incorporation of these additional uncertainties into the mathematical framework proposed here requires elaborate efforts that are beyond the scope of this publication. Given these limitations, our results should be considered as the theoretically "best possible" limit. Nevertheless, the proposed mathematical formalism provides quantitative guidance that might be useful in designing future measurement campaigns and instruments and in assessing our knowledge of atmospheric photochemistry by comparing predicted and measured concentrations and their uncertainties.
Mathematical Basis
The mathematical apparatus presented here is largely based on Khattatov et al. [1999] . We will also rely on Gaussian and linear approximations discussed in detail in that paper. Let vector x represent the state of a time-dependent box photochemical model, i.e., concentrations of all modeled species in a parcel of air at a given instant. In the case of a box model that includes N species, the dimension of vector x would be N . The photochemical box model M describes the transformation of vector x from time t to time t + ∆t. Formally,
The covariance matrix C characterizes uncertainties and cross-correlations between elements of x:
where x represents the true, unknown value of x. As described in Khattatov et al. [1999] , the time evolution of the covariance matrix is given by
where the matrix L represents the linearization of the model
The linearized model L is an N xN matrix that, for small perturbations ∆x to the basic state, approximates the nonlinear transformation given by the original model as:
As discussed in Khattatov et al. [1999] , as ∆t becomes larger than the lifetime of the shortest-lived chemical constituent in the model, the matrix L becomes rank deficient and, hence, non-invertable. In effect, it means that the initial concentration (at time t) of this short-lived chemical is not needed anymore for determining the state of the system at time t + ∆t since it can be derived from concentrations of other chemicals. To investigate how uncertainties evolve in time we will now concentrate on variances, or diagonal elements of C and ignore its off-diagonal elements. Let vector v contain the values of all the diagonal elements of C. It is easy to see from (3) that
where elements of the matrix L 2 are simply squared elements of L. For large enough ∆t both these matrices become rank deficient and non-invertable in the conventional sense. It means that the same uncertainties vt+∆t of the prediction can be obtained from different initial uncertainties vt. If we assume that initial uncertainties come from measurements, we can pose the following question: what are the maximum measurement uncertainties that lead to prediction errors smaller than a specified upper limit? If vector vmax designates the maximum allowed prediction variance, then formally the problem is to maximize each element of vt subject to the following constraints:
vmax ≥ L 2 vt and vt > 0
Since vt is a vector, this is a multi-objective optimization problem which, in general, has multiple solutions. Various algorithms have been developed for finding practical solutions to such problems. In the next section we will apply the described mathematical framework to a typical stratospheric chemical system and use the so-called goal attainment method described in Gembicki [1974] to find a solution to (7).
Application to the Stratosphere
The model used in this study is the same model described in Khattatov et al. [1999] . The model is initialized and run for several days using parameters (temperature, pressure, constituent concentrations) typical for the spring midlatitude stratosphere at 10 mb. Concentrations of the following 18 species are predicted: H, OH, HO2, H2O2, NO, NO2, NO3, N2O5, HNO3, HNO4, Cl, ClO, HOCl, HCl, ClONO2, O, O( 1 D), and O3; and concentrations of several others are held constant: CO, CH4, N2O, H2, H2O, and sulfate aerosol. The linearization matrices are automatically computed and stored for each time step of the model integration, the time step can vary from milliseconds to 15 minutes. The final linearization matrix corresponding to a larger time interval can then be computed by multiplication of the intermediate matrices corresponding to individual time steps.
We performed a 24-hour model integration and computed the corresponding 18x18 linearization matrix. We then computed the singular value decomposition (SVD) spectrum of the linearization matrix, shown in blue in Figure 1 . The portion of the spectrum corresponding to the nine largest singular values is fairly flat while the tail of the spectrum abruptly drops. This means that projections of the vector of initial concentrations onto the corresponding nine eigenvectors contain most of the information needed to determine concentrations of all 18 constituents after 24 hours. Figure 1 also presents the SVD spectrum of the matrix L 2 whose elements are the squared elements of matrix L. According to (6) this matrix determines the evolution of variances. As expected, the tail portion of this SVD spectrum is significantly flatter than that of matrix L and the cut-off value is not obvious. To illustrate the time evolution of relative errors in the model we performed a 10-day model integration, set the values of variances v at the beginning of the integration to correspond to 10% relative errors, and used (6) to compute variances at each model time step. Results of these calculations are presented in Figure 2 . One can see that relative errors change in a complicated way in response to the diurnal cycle and photochemical transformations between species. Calculations similar to the one performed may provide some guidance as to how much information is contained in a particular set of measurements. Even if concentrations of some species are not measured at all, various a priori estimates are usually available and can be utilized provided that the corresponding variances are set to reasonably large values.
We will now concentrate on an inverse problem and assume that we have a set of requirements, i.e. the maximum allowed errors of prediction at the end of the 24-hour period.
What are the maximum possible errors of the measurements (at the beginning of the time interval) that guarantee specified prediction errors? For illustrative purposes we assume that relative prediction errors at the end of the 24-hour interval have to be equal to or less than 10% and attempt to find maximum initial errors that satisfy this criteria. As was mentioned earlier, this problem is, in general, ill-posed and therefore semi-empirical algorithms have to be utilized to address it. A solution obtained with the goal attainment algorithm [Gembicki, 1974] is shown in Figure 3 . The bar graph on the right of Figure 3 shows relative errors of constituent concentrations at the end of the 24-hour model integration while the bar graph on the left shows the derived relative errors of initial concentrations. As was required, the final relative errors of concentrations of all species do not exceed 10%, most chemicals showing smaller errors. The initial errors for some species are so large that they go off the scale of the plot. The actual numerical values correspond to hundreds of percent and indicate that initial concentrations of these chemicals are irrelevant to determining the future state of the system for as long as the initial guess is of the correct order of magnitude. Clearly, the smaller the required initial error the more important is the role of the corresponding chemical in determining the future system evolution. For comparison, Figure 4 presents results of the forward error calculations for the case when the initial relative errors for all chemicals are set to 10%. As one can see, this does not guarantee the final errors to be 10%.
Discussion
We presented a formal framework for computing time evolution of uncertainties in a chemical system and applied it to a case of typical stratospheric conditions. Uncertainties, or variances, can be considered to be a quantitative measure of the amount of useful information about the chemical system under consideration. The proposed framework allows one to assess how this information changes with time. Assuming that the initial estimates of the system state come from measurements, this framework allows one to determine which chemicals should be measured and with what uncertainties in order to be able to make the best possible predictions. The described case of a typical stratospheric system is largely academic and its results confirm quantitatively what is already known, e.g., that concentrations of several key species or linear combinations of species (families) control future evolution of the system. We believe that this framework will be practically most useful when applied to complex and poorly studied chemical systems involving a hundred or more chemicals. Tropospheric chemistry in general and boundary layer chemistry in particular are examples of systems where this methodology can provide quantitative guidance and help to establish measurement priorities. Computer codes of the photochemical box model and linearization routines are available from http://acd.ucar.edu/∼boris/Content/0D.htm. 
